Abstract-This paper investigates the dynamic acoustic sorting method from a theoretical perspective. Analytical equations of motion and numerical simulations have been used to optimize parameters for sorting various particle mixtures. The effect of changes in field parameters as frequency or voltage on efficient sorting has been investigated. Experiments have been carried out to verify theoretical findings.
INTRODUCTION
Cell separation is crucial in many research areas including clinical sample preparation, regenerative medicine, stem cell research and improved food safety [1] . The applicable methods for cell separation comprise electric, dielectric, magnetic, hydrodynamic and acoustic techniques [2] [3] [4] ; however acoustic techniques have an advantage as they offer contactless and scalable sorting with negligible adverse effects on particles [5] . A wide range of approaches which exploit differences in particle migration times has been presented previously. These comprise a half-wavelength resonator structure, a frequency sweeping device, and the dynamic acoustic fields approach (DAF) [6] . The feasibility of our DAF method has been investigated earlier for sorting particles by size. In this paper, a detailed and predictive theoretical background for the DAF method is presented. The effects of density, compressibility of media and excitation frequency on the separation efficiency and purity of the sorted sample are investigated.
II. METHOD
When two opposing ultrasonic transducers are activated by the same sinusoidal signal an acoustic standing wave pattern is formed. The spherical particles suspended in the fluid media between transducers scatter the acoustic field and give rise to the primary acoustic radiation force:
where Vr, k, Eac and  are the volume of the particle, wavenumber, acoustic energy density and acoustic contrast factor, respectively. The acoustic contrast factor depends on the density (ρ) and compressibility (κ) of particle (subscript p) and media (subscript m) as
Therefore the acoustic radiation force scales with the cube of the radius of the particle, and also has a weak dependence on the density. Based on the particle parameters they can either have negative or positive acoustic contrast factor. Particles with positive contrast factor are pushed towards the pressure nodes by the acoustic radiation force, while particles with negative contrast factor agglomerate along the antinodes. This can be readily utilized for binary fractionation [2] . When the acoustic energy density is appropriately chosen for the flow rate in the microchannel, separation due to the difference in mobility of particles can be achieved. These free flow fractionation devices have also been extensively investigated in the literature [3, 4] . Fig. 1 . The dynamic acoustic fields method. The top graph shows the phase shift pattern, the bottom graph shows the induced particle displacement Our method for sorting particles utilizes a dynamic acoustic fields (DAF), where the phase of one of the transducers is shifted *corresponding author, A.Bernassau@hw.ac.uk temporally resulting in a lateral displacement of the acoustic pattern and pressure nodes. When the movement of the nodes is slow enough, the trapping force on particles is large enough to drag them with the pattern, however smaller particles will not be able to follow. This difference in behavior allows for sorting. The phase pattern consists of two regions: firstly, it is linearly shifted from 0° to 360°, and the time required for this is called the ramp time. Secondly the phase is kept steady to allow the particles to stabilize their position (Fig. 1 ).
To be able to design experiments and verify experimental results an analytical solution for the differential equation of motion shall be presented for our dynamic sorting method. As during the ramping the radiation force changes spatially, it has a different form to (1) . Denoting the start of phase shift as ts, defining the rate of phase shift as
and collecting all parameters of the radiation force into the single variable crad, the force has the form
Newton's second law for the forces acting horizontally (the radiation force and the Stokes' drag force) takes the form
Neglecting the acceleration term since in microfluidics inertial effects are minuscule [7] we arrive at
and substitution of the argument of the sin with a new variable gives the solution of the form
1/2 and tan -1 () is the inverse tangent function normalized to [0, π). The constant ci can be determined from initial conditions, and can be complex such as Q.
For the range where the phase is kept constant at 360°, the equation presented in [7] has been used. The only difference is the presence of a minus sign due to the different definition of the origin:
and  is defined as before. Therefore, the position of any particle can be determined theoretically using these equations.
The validity of these equations for particle trajectories has been verified by comparing results obtained from direct numerical solution of the differential equation of motion. Both approaches were implemented in MATLAB, the new method being significantly faster allowing for algorithms for parameter optimization.
III. RESULTS AND DISCUSSION
A. Parameters Optimisation with DAF For a given set of particles separation can be achieved by choosing the appropriate tramp and trest time. Since the analytical equations for position are complex, a numerical approximation can be used instead for ideal parameter determination. An example is given for 10 and 15 m polystyrene particles in Fig. 2 . The effect of frequency, acoustic pressure (transducer voltage) and density of media on ideal tramp time has been also investigated. Since increasing the frequency the acoustic force increases linearly and also the distance between nodes decreases in an inversely proportional manner, it was expected that the ideal tramp time is inversely proportional to the square of the transducer frequency. Simulation results revealed an almost perfect f -2 dependence as we anticipated (Fig. 3) .
The acoustic radiation force has a quadratic dependence on the pressure amplitude, therefore again an inversely quadratic dependence of ideal tramp on the pressure amplitude was expected and verified (Fig. 4) . Since the pressure amplitude is directly proportional to the transducer voltage, the ideal tramp is also proportional to V Finally, the radiation force has a weak dependence on the density of the media, and therefore we predicted only a similarly weak dependence of ideal tramp on the density which was again validated by the simulations (Fig. 5) . These observations can help designing a device for separation of specific target cells or particles. The simulations also help choosing the appropriate field parameters for separation.
B. Experimental Results
To verify the equations of motion for particles presented in the theoretical section, two experiments have been carried out, one for size-based separation and one for density-based separation. For the experiments a previously described octagon bulk acoustic wave device was used [6] . To quantify the separation efficiency and purity we defined these as the following:
For size-based separation 10 and 15 m polystyrene particles have been suspended in aqueous solution. The applied voltage on the two PZT transducers was 10 Vpp, the frequency of the signal was 4 MHz. The experiments showed most effective separation for 2.5 s ramp time and 5 s rest time (Fig. 6) . The recorded particle traces have been matched with theoretical results, the only fitting parameter being the acoustic pressure amplitude, p0 = 65 kPa. The theoretical and experimental results show excellent match (Fig. 7) . For this experiment all of the large particles have been separated, resulting in 100% efficiency, and since some of the small particles also have been moved, the purity of the separation was 75%. For the density-based separation 10 m polystyrene ( = 1.05 g/cm 3 ) and iron oxide ( = 1.7 g/cm 3 ) particles have been used. The transducer voltage was reduced to 7 Vpp, the ramp time was 3 s and the rest time was 1.5 s. Again a good fit between theoretical and experimental particle traces can be observed (Fig. 7) . For this experiment the efficiency is 100% but the purity only 60%. 
IV. CONCLUSION
The governing equations of the dynamic acoustic sorting have been presented in this paper. A numerical approach was introduced for determining the best field parameters for sorting. The effect of changing transducer voltage or frequency on sorting has been investigated along with changing the density of media. Experiments were carried out for size and density based separation, and the recorded particle traces were matched perfectly with simulation results. The efficiency of separation for both type of experiment was 100%, but the purity of separation was lower for the density-based separation. This is due to the weak dependence of radiation force on density of particles. We shall investigate in the future the same principle of sorting for continuous flow devices. 
